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In this dissertation, we investigate numerical methods for several partial differential e-
quations. A number of numerical schemes are proposed and analyzed for numerical so-
lutions to these equations. Some stability and error estimates are vigorously derived and
numerically tested.
Our work is focused on fractional differential equations. The use of fractional differen-
tial equations in mathematical models has become increasingly popular in recent years. D-
ifferent models using fractional differential equations have been proposed in more and more
fields, covering materials, mechanical, and biological systems, and it’s found that fractional
differential equations gain some advantage over the classical one in modeling materials with
memory, heterogeneity or inheritable character. The modeling progress on using fraction-
al differential equations has led to increasing interest in developing numerical schemes for
their solutions. The outline of this thesis is as follows:
In Chapter 1, we first discuss a brief history of fractional calculus, background, and recall
some existing work, together with some basic definitions and preliminary properties which
will be used in the paper. Then we summarize the main results obtained in this dissertation.
Chapter 2 is devoted to the numerical approximations for MHD flows of fractional vis-
coelastic model equation. A schema combining a finite difference approach in time direction
and a spectral method for the space discretization is proposed. We give a detailed analysis
for the proposed schema by providing stability and error estimates. We prove that conver-
gence order of the schema is (2−β) in time and spectral accuracy in space, with 0 < β < 1
being the order of the fractional derivative in time. Some numerical examples are carried
out to support the theoretical predictions. The impact of β on the fluid flow is also shown.
In Chapter 3, some numerical methods for generalized second grade fluid through porous
media with anomalous diffusion are considered. Some schemes using finite difference ap-
proach in time direction and Legendre spectral approximations in the space direction are
proposed and analyzed. The stability and error estimates are rigorously established show-
ing that the proposed schemes are unconditionally stable, and that the convergent order is
O(∆tmin(2−α,2−β)+N1−m), where ∆t , N and m are respectively time step size, polynomial
degree, and regularity in the space variable of the exact solution. α and β, 0 < α, β < 1,
are two different orders involved in the fractional derivatives. Numerical computations are
presented to demonstrate the effectiveness of the method and confirm the theoretical claims.















solution of the Rosenau-Burgers equation. A particular attention is paid to the treatment of
the nonlinear convection term. A detailed analysis is carried out for the proposed schemes.
We prove that the overall schemes are unconditionally stable. The error estimation shows
that the numerical solutions converge with the order O(∆t2 + N1−m), where ∆t , N and
m are respectively time step size, polynomial degree, and regularity in the space variable of
the exact solution. Numerical tests are conducted to support the theoretical results.
In Chapter 5, efficient numerical schemes are proposed for solving the water wave model
with nonlocal viscous term that describes the propagation of surface water wave. By using
the Caputo fractional derivative definition to approximate the nonlocal fractional operators,
a time stepping scheme and spectral method in space are constructed for the considered
model. The proposed method employs a known 5/2 order scheme for the fractional deriva-
tive and a mixed linearization for the nonlinear term. The analysis shows that the proposed
numerical schemes are unconditionally stable. Some error estimates are provided to show
that the second order backward differentiation plus 5/2 order scheme converges with order
2 in time, and exponentially in space. Several numerical examples are provided to verify the
efficiency and accuracy of our method. Finally, the proposed method is used to investigate
the asymptotic decay rate of the solutions of the nonlocal viscous wave equation, as well as
the effect of different parameters on this decay rates.
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This thesis is devoted to numerical methods and numerical investigation for solutions
of some kinds of partial differential equations. This study focuses on a number of time
fractional partial differential equations, to which we construct and analyze efficient finite
difference schemes in time direction and spectral methods in space. A series of numerical
examples are provided to validate the proposed methods.
Given our approach to the solution of differential equations, we need to also consider
the meaning of concepts such as differentiation and integration. The derivative is perhaps
one of the most fundamental concept in the field of mathematical sciences. This concept has
physical meaning and interpretation is direct and apparent; a rate of change, the relationship
of distance and velocity or velocity and acceleration. Seemingly a completely different con-
cept is integration, given the physical meaning of the area under a curve. Obviously there
are many different geometric and physical interpretations for the concept of differentiation
and integration, however that discussion is not really relevant to our current work. Rather
we consider the slightly more uncommon concept of fractional differentiation and fraction-
al integration. Fractional calculus is a mathematical branch investigating the properties of
derivatives and integrals of non-integer orders (called fractional derivatives and integrals).
In particular, this discipline involves the notion and methods of solving differential equa-
tions involving fractional derivatives of the unknown function (called fractional differential
equations).
The idea of fractional differentiation is attributed first to a series of letters written be-
tween Leibnitz and L’Hopital in 1695, in which L’Hopital asks the pertinent question when
referring to dny
dxn
≡ Dny:“What if n = 1
2
?”, to which Leibnitz wrote prophetically,“...Thus it
follows that d 12x will be equal to x 2
√
dx : x, an apparent paradox, from which one day useful
consequences will be drawn.”[1, 2]. A simple enough question to ask is does the operator
D
1
2 exist, such that when applied twice we get (D 12 )2 = D? The answer to this is yes. An-
other question that is concisely answered is, given Dn what happens if n is negative? The
operator described is nothing other than a fractional integral similar to the duality of integer















This leads us immediately to the term ‘differintegration’ or ‘differintegral’, as dubbed by
Oldham and Spanier in [2], notated by Dn where n is no longer constrained to be a positive
integer.
A lot of contributions to the theory of fractional calculus up to the middle of the 20th
century, of famous mathematicians are known: Laplace (1812), Fourier (1822), Abel (1823-
1826), Liouville (1832-1837), Riemann (1847), Gru¨nwald (1867-1872), Letnikov (1868-
1872), Heaviside (1892-1912), Weyl (1917), Erde´lyi (1939-1965), and many others (see
Gorenflo and Mainardi [3]). Nowadays, not only fractions but also arbitrary real and even
complex numbers are considered as order of differentiation. Nevertheless, the name “frac-
tional calculus” is kept for the general theory.
There are three main approaches to fractional derivatives; the Riemann-Liouville deriva-
tive, the Caputo derivative and more recently the modified Riemann-Liouville derivative
introduced by Jumarie in [4]. Jumarie has made extensive use of his modfied Riemann-
Louiville derivative and accompanying generalized Taylor Series for investigations of Brow-
nian motion and Poisson processes to a fractional order, for solving stochastic differential
equations governed by fractional Brownian motion, for solving fractional partial differential
equations and developing a Fourier transform of fractional order [4–9]. With this in mind the
focus of our work is based primarily on the Caputo derivative due to its popularity among
researchers particularly in the field of partial differential equations. Moreover the use of
the Caputo derivative allows one to formulate problems with integer order boundary condi-
tions where the Riemann-Liouville derivative requires fractional order boundary conditions
which are difficult to interpret physically.
A perfect elastic material does not exists since in reality: inelasticity is always present.
This inelasticity leads to energy dissipation or damping. Therefore, for a wide class of
materials it is not sufficient to use an elastic constitutive model to capture the mechanical
behaviour. In order to replace expensive experimental tests by numerical simulations there
is a need for an accurate material model. Therefore viscoelastic constitutive models have
frequently been used to simulate the time dependent behaviour of polymeric materials. The
classical linear viscoelastic models that use integer order time derivatives in the constitutive
laws, requires an excessive number of parameters to accurately predict observed material
behaviour.
Linear viscoelasticity in combination with fractional order operators , i.e., the fractional
order viscoelasticity model, have attracted considerable attention in the last decades. The
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